Not all mathematical functions used to define physical quantities are guaranteed to be implementable; complex conjugation is one such. We show that universal state conjugation, i.e., complex conjugation of unknown quantum states, is not implementable, even with nonzero failure probability admitted and finitely many state clones supplied. Complex conjugation can also be defined on unitaries, for which we present a deterministic, universal quantum algorithm with a blackbox quantum gate as the input unitary. Multiple uses of the oracle is shown to be necessary for unitary dimensions larger than 2. An operator used to define this algorithm is exploited to generalize the two-qubit concurrence for pure states. The generalized concurrence is based on complex conjugation of states, much like the original concurrence. It is shown to be equivalent to the G-concurrence, a previously known generalization of the original concurrence, derived from a separate mathematical observation and a member of a family of concurrence monotones. We show that our approach also reproduces all these concurrence monotones. Finally, the unitary conjugation algorithm is interpreted in terms of particles and holes and their mode transformation.
Introduction.-The limits of quantum information processing (QIP) are drawn by the limits of quantum operations. Every QIP involves a process of converting an input to output. While any given process defines some mathematical map between the input and output, designing QIP may begin with a particular mathematical map, and then devised the necessary implementation, including how the input and output are physically represented.
Complex conjugation on vectors with respect to some basis {|j } is defined as |ψ = j α j |j → |ψ * = j α * j |j . Some function of quantum states, such as the concurrence (an entanglement measure) [1, 2] , are defined with the complex conjugation. In principle, any state quantities of unknown quantum states can be evaluated by first obtaining a full classical description of the given quantum state via quantum tomography. A more direct and efficient evaluation would have been possible, however, had the complex conjugation be a completely positive and trace-preserving map, known not to be case since the early days of quantum information research.
A quantum algorithmic implementation of the state complex conjugation should have its input represented by a quantum system in the state |ψ . In universal implementations of the state conjugation, the same implementing quantum operations are used for all the possible inputs, thus also valid in case a complete description of the state is unavailable. Reference [3] proposes a quantum simulation algorithm of Majorana equation dynamics, introducing the universal state conjugation as a primitive subroutine. In addition, implemented efficiently enough, universal state conjugation enhances the distinguishability of quantum states [4, 5] .
Nevertheless, the state conjugation map violates the complete positivity condition, necessary for universal implementations of deterministic and exact. The state conjugation in the aforementioned quantum simulation requires that the simulated quantum system is "embedded" in a larger Hilbert space, but the embedding per se is an unphysical process [6] . Approximate implementations given multiple clones of the input unknown state are discussed in Refs. [7, 8] , identifying the maximum fidelity achievable by deterministic implementations under multiple input clones. These results imply that the number of clones for deterministic and exact state conjugation must be infinite. It was not known whether a probabilistic exact implementation is possible with multiple input clones.
On the other hand, complex conjugation may also be defined for unitary operators by U → U * . The conjugated unitary U * in certain contexts is introduced as the time-reversed process with respect to U [9] . Quantities defined as a function of unitary operators in general are much less studied compared to that of quantum states, but unitary conjugation may serve as a subroutine in property testings of unitaries [10] or perhaps as an alternative option to state conjugation when the target state |ψ is given as |ψ = U |ψ 0 . In the latter case, |ψ * = U * |ψ * 0 , hence if |ψ * 0 may be prepared separately or is conjugation invariant, a universal state conjugation is unnecessary.
The input in an implementation of unitary conjugation may be represented by a blackbox quantum gate, which is promised to apply a (possibly unknown) unitary operation U on whatever quantum state supplied to it. In contrast to the case of states, a universal conjugation of the unitary operations is deterministically and exactly implementable when the dimension of U is 2 × 2 [11]. For larger dimensions, however, the deterministic unitary conjugation from the single unknown unitary gate is again unimplementable [12] .
A physically viable implementation of these universal conjugations must comply with the standard quantum circuit model. For the unitary conjugation, the implementation algorithm is necessarily described by a quantum circuit board (also referred to as a quantum comb) [13, 14] , while for states, it should correspond to a completely positive map.
Several conversion algorithms on unitary gates, e.g, the conjugation and "replication" [15, 16] , differ from others such as "controllization" [17, 18] and "quantum switch" [19, 20] in that conjugation and replication have an analogous conversion for states. Such conversions with both states and gates in scope are required in quantum functional computing [21] that treat both states and unitary gates as data.
In this Letter, we first prove that probabilistic universal conjugation of quantum states is impossible from a finite number of state clones, even if promised to be unentangled to other systems. Although the state conjugation itself remains unimplementable, we present a universal quantum algorithm that deterministically conjugates unitary gates. Given its input as a blackbox quantum gate on a d-dimensional system, the algorithm makes d − 1 uses of the input blackbox. The multiple uses are shown to be necessary (although its optimality remains a conjecture). The algorithm utilizes a particular isometric operator resembling a completely antisymmetric state. We use this operator to generalize the original concurrence for pure bipartite states of arbitrary dimensions. Finally, a close inspection at the algorithm leads to a physical interpretation based on particles and holes in fermionic systems.
No-go for probabilistic universal state conjugation.-For any bipartite pure state |ψ ∈ H ⊗ K, we denote its k clones by (|ψ ψ|)
•k , and continue to treat as a bipartite state with each local subsystem being H ⊗k and K ⊗k . The symbols • and ⊗ are mathematically equivalent, but the latter is reserved to denote the tensoring operation with respect to the bipartition of |ψ . This notation follows Ref. [22] .
Multiple clones of the unconjugated |ψ •l are insufficient to create the conjugated ones |ψ * •n . This follows from the fact that any nonzero success probability however small may be amplified by repeating the conjugation algorithm until it succeeds. The failure probability decreases exponentially in the number of clones, hence violates the optimal implementation fidelity derived in Ref. [7] . The result in Ref. [7] is obtained under the assumption that the conjugation is performed by a deterministic quantum operation, which may seem to contradict with the proposed repeat-until- 
is the success probability of the implementation which may depend on the input state ρ and input gate U . The fact that U [U * ] is a completely positive and trace-preserving map implies that p(ρ, U ) is independent of ρ.
Following the quantum comb framework in Refs. [13, 14], we deliberately relabel the Hilbert spaces of E and D so that E :
be the completely positive map derived from D • E as discussed in Refs. [13, 14] . Now, for any V, W ∈ SU(d), consider the completely positive map
, which also corresponds to a valid conjugation implementation
is yet another valid implementation, where the integral is taken over the normalized SU(d) Haar measure. We denote the projectors onto the symmetric and antisymmetric subspaces of H ⊗ H as Π S(H⊗H) and Π A(H⊗H) , respectively. The Choi operator F [25, 26] A key property of any entanglement measure is that it is invariant under local unitary transformation U ⊗ V , which is satisfied by C, since (σ y ⊗ σ y )(U ⊗ V ) = (U * ⊗ V * )(σ y ⊗ σ y ). For our purpose, it is important that σ y achieves unitary complex conjugation. In fact, we observe that σ y is equal to A for qubits up to the irrelevant global phase.
This observation implies that, to generalize the twoqubit concurrence to higher dimensional bipartite states, it suffices to consider
which is a conjugation-based quantity much like the original concurrence.
We define the F -quantity C n;m F , a conjugationbased quantity C n;m F associated to a completely positive map F :
The concurrence C has been generalized in several ways since its introduction. One of such is the G-
, where α is a normalization factor and λ i are the Schmidt coefficients of |ψ , i.e., |ψ = i √ λ i |i H ⊗ |i K for some basis |i H and |i K . The G-concurrence follows the analysis given in Ref. [28] , which generalizes C to
H ]) from the reduced density matrix ρ H of |ψ , for higherdimensional systems than two qubits. Despite the difference in the motivations, C g and C G are equivalent up to a proportionality constant [23] . The conjugation-based expression of C g may be more favorable in extending it to mixed states via convex roof expression, where finding an optimal decomposition has been solved [29] .
We may even extend C g further. Let i 1 ; i k denote an increasing sequences of k natural numbers between 1 and d. We introduce operators A n;m
.., τ in |, where S n+m represents the degree-(n + m) symmetric group and we assume n + m ≤ d. It holds that
from which we derive alternative expressions of C g , i.e.,
The G-concurrence is one of the family of concurrence monotones,
where α k is a normalization factor and S k the k-th elementary symmetric polynomial. We also recover the other members as a conjugation-based quantity using A n;m i1;in+m . A single A n;m i1;in+m is not enough to guarantee local unitary invariance for other values of n + m, but a group of them does, i.e., E n;m := Σ i1;in+m U A n;m i1;in+m . Direct calculation, combined with Ref. [30] shows that C n;m (E n;m ) ⊗2 is equal to (C k ) k up to a proportionality factor. Particle-hole interpretation.-Fermionic systems provide a physical interpretation for the unitary conjugation algorithm. A d-mode fermion in quantum field theory is characterized by annihilation and creation operators, a |i and a † |i for i = 1, . . . , d, that obey anticommutation relations, {a |i , a |j } = {a † |i , a † |j } = 0 and {a |i , a † |j } = δ ij . The input state of the universal conjugation algorithm is given as a d-dimensional quantum system. We interpret this state as a single-particle state of the d-mode fermion.
The role of the operator A is to convert a single-particle state to a single-"hole" state. The defining algebra of a hole, denoted here as b |i for i = 1, . . . , d, with respect to a given fermionic particle is actually another representation of the defining particle algebra, via b |i = a † |i . The vacuum state |vac for particles is defined by a |i |vac = 0 for any i = 1, . . . , d. On the other hand, the vacuum state |vac hole of holes is a completely occupied state of particles, i.e., |vac hole = a † |1 · · · a † |d |vac . Correspondingly, a single-hole state is a d − 1-particle fermionic state, to which we may associate a completely antisymmetric state
A mode-transformation is what corresponds to a change of basis in particle quantum theory. Given a d × d unitary U , a mode-transformed representation of the defining fermionic algebra is given by a †
|i . In our algorithm, the unitaries applied after A is a mode-transformation on a hole, yielding
† converts the transformed hole to a particle, which implies that b U|i becomes the creation operator. Thus the overall transformation is
which is what we desired. This argument can be extended for more than one particle, indeed Eq. (3) corresponds to the case when there are N particles. See Fig. 2 for a conceptual diagram.
Conclusion.-The probabilistic universal state conjugation was shown to be impossible from finite state clones. We presented a deterministic algorithm to implement universal conjugation on d-dimensional unitary gates from d − 1 uses of the input gate. The multiple uses are proven necessary. The mathematical tool used in designing the algorithm is applied to extend the concurrence, resulting in a conjugation-based expression for the family of concurrence monotones. The particle-hole formalism of quantum field theory was used to interpret the mathematical structure of the algorithm.
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[11] ∀U ∈ SU(2), σyU σ † y = U * with σy := 0 −i i 0 .
[12] G. In this section, we show that state conjugation |ψ ψ| → |ψ * ψ * | is not probabilistically implementable even when multiple clones of the unknown state |ψ are available. Any state transformation T : S(H) → S(H) is said to be probabilistically implementable from m clones of the unknown input state if there is a positive number ǫ and quantum instrument I = {E, E ′ } from the copied space H ⊗m to H such that
for any state |ψ ∈ H. Such I implements T with probability at least ǫ for any state. Given two states ρ and σ, their (Uhlmann) fidelity F (ρ, σ) is defined by
First note that the probabilistic implementability of T from finite clones places a lower bound on the scaling of the optimal fidelity to approximate T :
is probabilistically implementable from finite clones, there exists a constant 0 ≤ c < 1 satisfying
for all positive integers n, where the maximization with respect to Γ is taken over all quantum channels (i.e., completely positive trace-preserving maps) from H ⊗n to H.
The fidelity F T n measures the achievable accuracy of the approximation of T from n clones.
Proof ) Let T : S(H) → S(H) be a state transformation which is probabilistically implementable from m clones of the unknown input state, and I = {E, E ′ } be the instrument with E satisfying Eq. (I.1) and (I.2). Assume that m × l clones of the unknown input state |ψ ψ| are provided in the copied system H ⊗(m×l) . The completely positive maps E and E ′ are of B(H ⊗m ) → B(H). We label the Hilbert spaces on the ith block by H i , and denote
The maps E and E
′ applied on the ith system are denoted as
Given the copied spaces
with the clones |ψ ψ| ⊗(m×l) , we execute the following protocol:
1. Introduce an ancillary system H initialized to |0 0|.
2. Set i = 1.
3. If i ≤ l, then perform instrument I i = {E i , E ′ i } on the ith block. If the instrument "succeeds" (i.e., E i is performed on the ith system), then swap the state in the ancillary space H and the ith system (which is in the desired state T (|ψ ψ|)). Increment i by 1 and repeat this step.
4. If i > l, then terminate the protocol. * soeda@phys.s.u-tokyo.ac. jp We see that the ancillary space H finishes in T (|ψ ψ|) if the success outcome is obtained at any one of 1 ≤ i ≤ l. The probability of failing in all i is given by
which is upper bounded by (1 − ǫ) l . The desired state T (|ψ ψ|) appears in the ancillary system H at least with probability 1 − (1 − ǫ) l . Next, we translate the protocol in terms of completely positive trace-preserving maps. In addition to the Hilbert spaces H i and H, ancillary systems K i ∼ = H are introduced for all i. Figure 1 represents the quantum circuit representation of the trace preserving completely positive map Γ that we construct below. Each instrument
, which is a completely positive and trace-preserving map. The conditional operations in Step 2 correspond to 
where (· ⊗ |0 0| H ) creates state |0 0| on H, is the desired completely positive trace-preserving map. If one obtains the success in any of the l blocks, the state on H results in the appropriately transformed state. Since the probability of not having the success in all i is given by Eq. (I.5),
holds for any pure state |ψ ∈ H. Equation (I.9) implies where the third inequality follows from the concavity of the fidelity function.
If dim H = d, take a positive constant c less than 1 and
If n > m, there exists l ≥ 2 such that
for which we have
More clones can only improve the optimal fidelity, thus
which by Eq. (I.13) proves Eq. (I.4) for n ≥ m. For the case n < m, the completely mixed state τ cm is given by
where I d is the identity matrix on H. For any input |ψ ψ|,
Thus,
for any positive integer n, since there always exists a completely positive trace-preserving map such that outputs τ cm for any |ψ ψ|. The constant c is chosen so that
for n ≤ m. This proves Eq. (I.4) for n ≤ m. Now assume that conjugation on states from two dimensional space H ∼ = C 2 is probabilistically implementable from finite clones. This implies that the universal-NOT gate [1] sending the input state |ψ to its orthogonal |ψ ⊥ = σ y |ψ * is also probabilistically implementable from the same number of clones. Then Lem. I.1 implies the existence of a constant c ∈ [0, 1) such that the optimal fidelity of the universal-NOT gate satisfies F U−NOT n ≥ 1 − c n . This contradicts to the known optimal fidelity F U−NOT n = 1 − (n + 2) −1 [1] , since 1 − c n exceeds 1 − (n + 2) −1 for a sufficiently large n. Thus it is impossible to probabilistically implement the state conjugation from finite clones of the unknown state.
II. UNIVERSAL UNITARY CONJUGATION A. Proof of Theorem 2 in the main text
Let operator A n : H ⊗n → H ⊗d−n be defined by
We denote the antisymmetric subspace of H ⊗m by H ∧m . If dim H = d and {|i } i=1,...,d is a basis of H, the antisymmetric subspace H ∧m is spanned by
where S m is the degree-m symmetry group. The subscripts of τ i1 , ..., τ im for a given τ ∈ S m mean that the permutation is taken within {i 1 , ..., i m }. In this notation, A 1 corresponds to the operator A defined by Eq. (3) 
for any unitary operator U on H and any state ρ of the antisymmetric subspace S(H ∧n ).
Proof ) We first confirm that U [A n ] and U A † n are a completely positive trace non-increasing map. Each element
and τ n is a permutation within ν 1 , ..., ν n and τ d−n within ν n+1 , ..., ν d . Denoting the set of permutations satisfying Eq. (II.4) by T n,d−n , A n is rewritten as
where we have used sgn(ν) = (−1)
n k=1 ν k to obtain the third equality. The expression (II.5) implies that A n is a unitary operator between the antisymmetric subspaces H ∧n and H ∧d−n (note that dim
. This proves that U [A n ] and U A † n are a completely positive trace nonincreasing map, and can be extended to trace-preserving maps E and D by adding extra completely positive trace non-increasing maps E ′ and D ′ , which have the complement of H ∧n in H ⊗n and H ∧d−n in H ⊗d−n as domains, respectively, so that
We prove that the operator A n exhibits the symmetry
We define
to be an unnormalized maximally entangled state vector such that
is satisfied for any operator X on H. Clearly, Eq. (II.7) holds if and only if
Let the Choi operator of U [A n ] be defined by
The condition (II.10) expressed in Choi operators is equivalent to
The definition (II.1) implies that
Therefore, the Choi operator U [A n ] indeed satisfies Eq. (II.13) since it is proportional to the projector onto the antisymmetric subspace of H ⊗d which is an invariant subspace under SU(d) ⊗d . This proves Eq. (II.7). For any state ρ ∈ S(H ∧n ) from the antisymmetric subspace of H ⊗n , we have 
by the symmetry (II.7), and further to
since the operator A n is unitary between the antisymmetric subspaces H ∧n and H ∧d−n . The algorithm as described by the theorem achieves the universal unitary conjugation. 
We need two lemmas to show this theorem. Following Ref. [2] , the set of (bounded) linear operators from
. We denote the Choi-Jamio lkowski isomorphism from the linear maps to bipartite operators by χ : B(B(H), B(K)) → B(H ⊗ K). The first lemma comes from the quantum comb framework [2, 3] . While the content of this lemma is already mentioned in Ref. 
(II.20)
Then the composition
is a completely positive map.
Proof ) The linearity of S E,D follows from the linearity of the Choi-Jamio lkowski isomorphism and f E,D . Let K ′ be an ancillary finite dimensional Hilbert space and ω ∈ B(
be a positive semidefinite operator. The parallel composition of f E,D • χ −1 and id K ′ is defined so that, when applied on ω, it yields an element of B(B(H 2 ), B(K 2 )) ⊗ B(K ′ ), which is a linear map on B(H 2 ) whose action on any a ∈ B(H 2 ) is determined by
where Ω :
Observe that D ⊗ id K ′ , Ω ⊗ id HA , and E are completely positive, and hence also their composition (D ⊗ id K ′ ) • (Ω ⊗ id HA ) • E. This implies that the operator
is positive semidefinite. The composition Proof ) We consider the action of F on a probabilistic mixture pρ + (1 − p)σ of two states ρ and σ in S(H). By the assumption Eq. (II.25),
On the other hand, the linearity of F implies 
These Hilbert spaces except H A are all equivalent, i.e.,
Assumption (II.18) and (II.19) together imply From S E,D , we construct another completely positive map S :
for all d-dimensional unitary operators V and W whose acting space is indicated by the subscripts. Let us consider applying S E,D on the Choi operator determined by a sequence of unitaries V T U W . On the one hand, we obtain
where we have used Eq. (II.9). On the other hand, the defining property of S E,D given by Eq. (II.32) together with the relation (II.9) implies
Combining Eq. (II.34) and (II.35), we obtain
This implies that the completely positive map S V,W defined by
satisfies Eq. (II.32). We define the CP map S by
where integral is taken by the normalized SU(d) Haar measure. The symmetry (II.33) is guaranteed by construction. For further analysis it is convenient to represent the symmetry constraint (II.33) in terms of S 's Choi operator.
(II.37)
In terms of the Choi operators, the symmetry constraint (II.33) is equivalent to
Taking the operator Schmidt decomposition of S with respect to the subsystems B(H 1 ⊗ H 2 ) and B(K 2 ⊗ K 2 ), i.e.,
Schur's lemma (see e.g., Ref. [4] ) implies that (II.44)
Each component E i(H1,H2) ⊗ E j(K1,K2) must send one unnormalized maximally entangled state vector to another by Eq. (II.32). The maps E i(H1,H2) ⊗ id K1 and id H1 ⊗ E j(K1,K2) both have to send maximally entangled states to another maximally entangled state since maps E i(H,K) are proportional to a trace-preserving map. Equivalently, the Choi operators Π i(H1⊗H2) and Π j(K1⊗K2) of E i(H1,H2) and E j(K1,K2) must be maximally entangled states, i.e., rank 1. This is impossible if where (h.c.) represents the hermitian conjugate of the elements just before them. Thus the Choi operator for F n,m coincides with the projector onto antisymmetric subspace of H •m+n , which proves that our C n;m (E n;m ) ⊗2 is equal to (C k ) k up to a proportionality factor from the argument presented in Ref. [6] .
